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Abstract

We investigatedthe structural and dynamical propertiesof a tetra-
hedrally coordinated crystalline ice from �rst principles basedon den-
sity functional theory within the generalizedgradient approximation
with the projected augmented wave method. First, we report the
structural behaviour of iceat �nite temperaturesbasedon the analysis
of radial distribution functions obtained by molecular dynamics sim-
ulations. The results show how the ordering of the hydrogen bonding
breaks down in the tetrahedral network of ice with entropy increase
in agreement with the neutron di�raction data. We also calculated
the phonon spectra of ice in a 3 � 1 � 1 supercell by using the direct
method. So far, due to the direct method usedin this calculation, the
phonon spectra is obtained without taking into account the e�ect of
polarization arising from dipole-dipole interactions of water molecules
which is expected to yield the splitting of longitudinal and transverse
optic modes at the �-p oint. The calculated longitudinal acoustic ve-
locities from the initial slopesof the acoustic mode is in a reasonable
agreement with the neutron scatering data. The analysis of the vi-
brational density of states shows the existenceof a bosonpeak at low
energyof translational region a characteristic common to amorphous
systems.
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1. INTR ODUCTION

Ice, the frozenform of liquid water, is oneof the most commonmaterials on
earth and in outer space,and has important relevanceto a large number of
diverse�elds such as astronomy, geophysics, chemical physics, life sciences,
etc. (Petrenko and Whit worth, 1999). Ice-Ih, the hexagonalform of ice is
the most commonlyknown phaseof ice in which each oxygen atom has four
neighbours at the cornersof a tetrahedron. When water freezesthe forcesof
interaction betweenH2O moleculeswin over their thermal motion and they
form a most stable arrangement preciselywith hexagonalsymmetry. This is
the reasonwhy snow 
ak e crystals are always hexagonal.The crystal struc-
ture of ice at the atomic level marks the way thesecrystals will look. The
hydrogenatoms are covalently bondedto the nearestoxygen atoms to form
water moleculeswhich are linked to each other through hydrogen bonds.
The high translational symmetry is not retained at the level of the crystal-
lographic unit cell. The phasediagram of ice is very complex with over 12
known phasesexisting, (seeFig. 1). Besidesthe environmental importance,
ice is alsospecial becauseof the interesting phenomenacontained within its
structure. The crystal structure of ice is very unusual because,while the
moleculeslie on a regular crystal lattice, there is disorder in their orienta-
tions. This property leads to many interesting characteristics in electrical
polarization and conductivity.
Numerousattempts have beenmadefor the past decadesto understandthe
nature of the lattice vibrations of ice, in particular, ice-Ih (Marchi, Tse and
Klein, 1986). Experimental information hasbeenobtained from infrared ab-
sorption (Whalley and Bertie, 1967),Ramanscattering (Klug and Whalley,
1978)and both coherent and incoherent inelastic neutron scattering (Renker
and Blanckenhagen,1969;Prask and Trevino, 1972). On the theoretical side,
three basic approacheshave beenadopted to study the lattice modes. The
earliest studies involved the application of lattice dynamics to hypothetical
proton ordered structures (Whalley and Bertie, 1967; Prask and Trevino,
1972). Later lattice dynamics was usedto study more realistic orientation-
ally disorderedstructures (Nielsen, Townsend and Rice, 1984). The most
recent work hasutilized the moleculardynamicssimulation techniques(Tse,
Klein and McDonald, 1984). Many of the thesetheoretical studies involved
the useof classicalmodeledpotential through empirical method in order to
describe the interaction of the system(Marchi, Tseand Klein, 1986;Nielson,
Townsendand Rice,1984). As result of all theseworks, the overall featuresof
the lattice modespectrum in the translational region(0-300cm� 1) and in the
librational region(450-950cm� 1) are reasonablywell understood. Potential-
basedempirical modelling hashad somesuccesstowardsthe end,but to date,
there are no empirical potentials capableof describingthe ice dynamicsand
related properties acrossits whole spectra rangeand describingcertain key
spectra features.
The ab-initio method hasrecently gainedground not only becauseof its reli-
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abilit y in the study of static and dynamicspropertiesof ice (Cote, Morrison,
Cui, Jenkins et al., 2003;Morrison and Jenkins, 1999)but also becausethe
method allow to model someimportant features such as the ordered peri-
odic ice structure (Lee, Vanderbilt, Laarsonen,Car et al., 1993), and the
nature of hydrogen bond in di�erent geometries(Xantheas and Dunning,
1993). Our present study to understand the microscopicnature and lattice
vibrations of ice-Ih makes use of the Vienna Ab Initio Simulation Package
(VASP) (Kresse and Futhm•uller, 1996) which is designedto perform ab-
initio quantum-mechanical molecular dynamics using pseudopotentials and
a plane wave basisset and the recent implementation of the projected aug-
mented wave (PAW) method.
The computational study presented in this work beginswith the choiceof unit
cell of ice asdescribed in Section2, which is followed by moleculardynamics
simulation of ice in a supercell (Section3) with the unit cell replicated in all
directions in order to obtain the structural behaviour in comparisonwith the
available experimental data. In Section4 and 4.1 we present the results of
calculatedphonon spectrum of ice in the translational region, which is done
in a 3� 1� 1 supercell in y-direction, aswell asthe corresponding integrated
vibrational density of statesin Section4.2. The anomalousbehaviour of this
ice structure observed in the low energy region is presented in Section 4.3.
The �nal Summary of this work is presented in Section5.

2. COMPUT ATIONAL DET AILS

As mentioned above, the calculationsin this work werecarried out by using
the Vienna Ab Initio Simulation Package (VASP) (Kresseand Futhm•uller,
1996) which has beendesignedfor ab-initio quantum-mechanical molecular
dynamicssimulations usingpseudopotentials and a planewave basisset and
the recent implementation of projected augmented wave (PAW) method.
In order to investigate the structural properties of ice, we started with the
construction of ice crystal using the Bernal and Fowler rule (Bernal and
Fowler, 1933). The rule is basedon a statistical model of the position of
hydrogenatoms producedby Pauling (Pauling, 1935)using the six possible
con�gurations of hydrogenatoms within Ice Ih. It is de�ned as ideal crystal
basedon the assumptionsthat:

� Each oxygen atom is bonded to two hydrogen atoms at a distanceof
0.95 �A to form a water molecule;

� Each moleculeis oriented so that its two hydrogenatoms facetwo, of
the four, neighbouring oxygen atoms in the tetrahedral coordination;

� The orientation of adjacent moleculesis such that only one hydrogen
atom lies betweeneach pair of oxygen atoms;
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� Ice Ih can exist in any of a large number of con�gurations, each corre-
sponding to a certain distribution of hydrogen atoms with respect to
oxygen atoms.

The schematic drawing shown in Fig. 2 satis�es one out of the six possible
orientations of protons of the central water moleculeaccordingto theserules.
Each of the oxygenatomscanbelinkedto anotheroxygenby the combination
of a covalent bond plus a hydrogenbond to form the tetrahedral arrangement
of oxygenatoms. A unit cell of this icewaspreparedin a cubic box according
to Fig. 3 with 8 moleculesof water. All the atomic degreesof freedomwere
relaxedusingVASP with the projected-augmented wave (PAW) formalismat
high precision. The optimum Monkhorst Pack 4 � 4 � 4 k-point wasusedin
addition to the generalizedgradient approximation (GGA) of Perdew-Wang
in order to describe the exchange-correlationand to give good description of
the hydrogenbonding of water. We useda energycut-o� of 500eV because
the 2p valenceelectrons in oxygen require a large plane wave basis set to
spanthe high energystatesdescribedby the wavefunctioncloseto the oxygen
nucleusand alsothe hydrogenatomsrequirea larger number of planeswaves
in order to describe localization of their chargesin real space. The lattice
constants of the unit cell werecalculatedfrom the plot of the energyagainst
the volume. The estimatedvaluesof the lattice constants are a = 6.1568�A,
b = 6.1565�A, c = 6.0816�A. The valuesof a � b 6= c imply that the relaxed
structure is tetragonal with c=a ratio � 0.988. The experimental lattice
constant reported by Blackman et. al. (Blackman and Lisgarten, 1958) is
6.35012652�A for the cubic geometry. The �nal geometryobtained wasused
in our molecularand lattice dynamical study of ice.

3. MOLECULAR DYNAMICS

In our molecular dynamics simulation, the �nal relaxed geometry in Fig. 2
(or Fig. 3 was replicated in all directions using the calculated valuesof the
lattice parametersto produce64moleculesof water which form the hexagonal
structure shown in Fig. 4. Herethe moleculardynamicssimulation wasdone
for the �-p oint only in a box of dimension12:411356� 12:411356� 12:259675
�A3 corresponding to the density 1.01 gcm� 3 to be compared to the real
density of ice Ih and ice Ic which is 0.92 gcm� 3. Molecular dynamics was
carried out for 3 ps using a time step of 0.5 fs. The angle H-O-H of the
ice structure was comparedwith liquid water at the di�erent temperatures
as can be seenin Fig. 5. For ice structure, the H-O-H angle was found to
be 107.8� comparedto liquid water caseat di�erent temperature or isolated
water moleculealso calculated with VASP which is found to be 104.5� and
105.4� degree,respectively, ascanbeseenin Fig. 5. The angleshown by solid
ice is an indication that the oxygencentre preservesits tetrahedral structural
units. Also, the range of the angular distribution for the high temperature
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water (or supercritical water) is wider and broader than the corresponding
liquid water at ambient temperature and the solid ice cases.
The radial distribution functions for the solid ice accumulated over a 3 ps
run are plotted at two di�erent temperatures, 100 K and 220 K. The gOO

and gOH in Fig. 6, and gHH in Fig. 7 at 100K, all exhibit the long-rangelike
order whencomparedto the short rangeorder of liquid water. There is a well
pronounced�rst peakof gOO at 2.75�A at 100K and alsothe position of the
�rst minimum is deeper whencomparedto the liquid water radial distribution
functions. This result is comparableto the result obtainedusingthe classical
TIP4P modelled potential (Svishchev and Kusalik, 1994) The result of the
radial distribution function of oxygen atoms, gOO , oxygen-hydrogen atoms
gOH (Fig. 8), and hydrogenatoms (Fig. 9) at 220 K were fairly comparable
with available neutron di�raction scattering data of Soper (Soper, 2000).
The position of the �rst peak(VASP calculation) shows very little di�erence
from 100K while the height of the peak is lower for 220K due to the e�ect
of entropy increaseof the hydrogenatoms which results from re-orientation
of protons that tends to forceapart more oxygen atoms to a larger distance.
The positions of the secondminimum for 100 K and 220 K solid ice are,
respectively, 4.8 �A and 4.9 �A. The experimental result is slightly shifted to
the right to the value5.1 �A for 220K. The deviation from experimental value
might be due to the phaseof crystalline ice under consideration.

4. LA TTICE DYNAMICS

In this study phonondispersioncurvesarecalculatedby usingthe PHONON
packagedeveloped by K. Palinski (Parlinskin, 2002)which hasbeendesigned
to take input data of Hellmann-Feymannforcescalculatedwith the help of an
ab-initio electronic structure simulation program such as VASP. We carried
out the lattice dynamicsstudy of iceby usingthe geometryof eight-molecule
primitiv e cell discussedin the Section1. The calculationsof force constants
wascarried out by consideringa 3� 1� 1 supercellcontaining 24moleculesof
water which is obtained by matching 3 tetragonal unit cells. At the �rst step
of the calculation, the PHONON package is usedto de�ne the appropriate
crystal supercell for useof the direct method. As donefor the primitiv e unit
cell, all the internal coordinates were relaxed until the atomic forceswere
lessthan 10� 4 eV/ �A. The relaxed geometry for a 1 � 1 � 1 supercell from
the initial con�gurations containing 8 moleculesis shown in Fig. 3. The
starting geometryof the moleculesin the simulation box shown is such that
no hydrogen bonds were present but the positions of oxygen atoms follow
the tetrahedral orientation. After the relaxation, all the protons perfectly
point to the right direction of oxygenatomsand make the requiredhydrogen
bonds necessaryas indicated by the dotted lines in Fig. 3 to preserve the
tetrahedral orientation of the ice structure.
Figure 10(I) shows the Brillouin zonebelongingto the relaxedstructure of
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our (model) ice shown in Fig. 3. Figure 10(II) shows the Brillouin zoneused
in the analysisof the measuredphononspectra for the model structure of D2O
ice. Let us say onceagain that the relaxedstructure shown in Fig. 3 hasthe
long-rangeorientational orderwhile the actual structure of iceIh hasno long-
rangeorientational order. Therefore,in the analysisof the measuredphonon
dispersioncurvesof D2O, oneusesanother model for iceshown in Fig. 4. We
have to keepthis in mind when comparingour calculated dispersion curves
with the measuredfrequencies.For the evaluation of the phonon dispersion
curveswe have usedthe direct ab-initio force constant method (Parlinskin,
Li and Kawazoe, 1997),whereby the forcesarecalculatedwith VASP via the
Hellmann-Feymann theorem in the total energy calculations. Usually, the
calculations are done for a supercell with periodic boundary conditions. In
such a supercell, a displacement u(0; k) of a singleatom inducesforcesF(lk)
acting on all other atoms,

F� (lk) =
X

l0k0�

� �� (lk; l0k0) u� (l0k0): (1)

This expressionallows to determine the force constant matrix directly from
the calculated forces(seeParlinski et. al.) (Parlinskin, Li and Kawazoe,
1997;Parlinskin, 2002). The phonon dispersion branchescalculated by the
direct method are exact for discretewave vectorsde�ned by the equation

exp(2� {kL � L ) = 1; (2)

whereL = (La; Lb; L c) are lattice parametersof the supercell. A related tech-
nique has recently beenused to obtain accurate full phonon dispersionsin
highly symmetric structures of Ni2GaMn (Zayak, Entel, Enkovaara, Ayuela
et al., 2003).
In order to obtain the complete information of the values of all force con-
stants, every atom of the primitiv e unit cellswasdisplacedby 0.02�A in both
positive and negative non-coplanar,x, y and z directions to obtain pure har-
monicity of the system. We use a 3 � 1 � 1 supercell which implies that
3 points in the direction [100] are treated exactly according to the direct
method. The points are [� 00], with � = 1, 1/3, 2/3. We calculate forces
induced on all atoms of the supercell when a single atom is displacedfrom
its equilibrium position, to obtain the force constant matrix, and hencethe
dynamical matrix. This is then followed by diagonalization of the dynam-
ical matrix which leads to a set of eigenvalues for the phonon frequencies
and the corresponding normal-mode eigenvectors. The vibrational density of
states(VDOS) is obtained by integrating over k-dependent phonon frequen-
ciesfrom the force-constant matrix in supercellsderived from the primitiv e
moleculeunit cells.
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4.1 Phonon disp ersions of crystalline ice

The phonon dispersion curves calculated for our ice crystal in [100] direc-
tion are shown in Fig. 11 for low lying energy vibrations. According to
the geometry of the supercell, the low-frequency(or low-energy0-50 meV)
acoustic modes can be compared to Renker's inelastic neutron scattering
measurement (Renker, 1973) along the [0001] direction (�A) of hexagonal
symmetry shown in Fig. 10, taken from reference(Li, 1996),though our cal-
culation was doneonly along the Cartesian direction [100]of the cubic cell.
Our transverseand longitudinal acoustic (LA/T A) dispersionsare well be-
haved when comparedto someother modelled calculationsor experimental
results (Renker, 1973) in the high symmetry directions � A of hexagonalice
as shown in Fig. 11(c). We can also compareour result to the Cote et. al.
result in Fig. 11(b) (Cote, Morrison, Cui, Jenkins et al., 2003),where they
have recently usedthe ab-initio method to obtain the phonondispersionsin
the translational frequencyrange for the ice structure in the Brillouin zone
of the orthorhombic eight-moleculeunit cell. Altogether our LA and TA dis-
persionsare better than Cote's LA/T A in comparisonto the experimental
curves in Fig. 11(c). Our dispersioncurves in [100]direction can as well be
comparedto the dispersion curves obtained using a dynamical model with
two forceconstants to describe the low frequenciesof vibrations of hexagonal
ice as proposedby Faure (Faure, 1969).
Although everywherealong the �-p oint, our dispersionsare completely de-
generatein the optic region whereasCote's dispersionsin Fig. 11(b) show
somesplittings, the so-calledlongitudinal/transv ersal optic (LO/TO) split-
tings whoseorigins is explainedbelow, while at the zoneboundary, someof
the dispersionsare non-degenerateunlike our results. Our inabilit y to re-
producethesesplittings at the �-p oint is due to the direct method approach
in which absoluteperiodicity of the crystal accordingto Born-von K�arm�an
conditions was considered. The splitting of LO and TO branches for long
wavelengths occurs in almost all crystals which are heteropolar (partially
ionic such as GaAs) or ionic (such as NaCl) at the �-p oint, and only for in-
frared active modes(Srivastava, 1990). The long-rangepart of the Coulomb
interaction causesthe splitting of the k = 0 optic modesraising the frequency
of LO modesabove thoseof TO modes. The long-rangepart of the Coulomb
interaction corresponds to the macroscopicelectric �eld arising from ionic
displacements. Ice is a tetrahedrally covalently bondedpolar systemwhose
dipole-dipole interactions give rise to the electric �eld when they are dis-
turb ed. The origin of the splitting is thereforethe electrostatic �eld created
by long wavelength modes of vibrations in such crystals. Usually a micro-
scopicelectric �eld in
uences only the LO modes while TO modes remain
unaltered. The �eld thereforebreaksthe Born-von K�arm�an conditions, as a
consequencewith a direct method only �nite wave vector k 6= 0 calculations
are possible.Elongatedsub-supercellsare neededto recover the k ! 0 limit
of the LO phonon branch (Parlinskin, 2002).
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In our result there are two transverse acoustic branches which are highly
degenerateand a longitudinal acoustic branch. The �rst optical branch of
the dispersioncurvesis degeneratewith the transverseacousticbranchesat
energy � 9.0 meV. The transverseand longitudinal velocities of sound are
calculated from the initial slopes of the corresponding transverseand lon-
gitudinal acousticbranchesof the dispersion curves in the long wavelength
limit. The experimental valuesof velocities reported in Table 1 are thoseof
longitudinal and transversesound waves propagating along the c-direction
of single crystals of ice at 257 K. It is well known that velocities of sound
depend much on the direction of propagation and also on the temperature.
Inelastic X-ray scattering data from water at 5 � C shows a variation of the
soundvelocity from 2000to 3200m/s in the momentum rangeof 1-4 nm� 1.
The so-calledtransition from normal to fast sound in liquid water at � 4
meV, the energy of sound excitations which is equal to the observed sec-
ond weakly dispersedmode, was reported to be due to the reminiscent of a
phonon branch of ice Ih of known optical character (Sette, Ruocco, Krisch,
Masciovecchio et al., 1996). We can concludethat our calculated valuesof
longitudinal velocity, vL is in a reasonablerange of velocity of sound in ice
along the [100]-directionchosenfor our calculation. We must alsostressthe
fact that our phonon dispersionswere calculatedat 0 K.

4.2 Vibrational densit y of states of crystalline
ice

In order to understandthe mode of collective vibration of moleculesof water
in ice from a spectroscopicpoint of view, we needto considerthe three nor-
mal modesof an isolatedwater moleculeshown in Fig. 12 asphasesof water
vapour; liquid water and ice consist of distinct H2O moleculesrecognized
by Bernal and Fowler in 1933, which explained one of the factors leading
to the Pauli model of the crystal structure of ice. The fact that the forces
between the moleculesare weak in comparisonwith the internal bonding
results in a simple division of the lattice modesinto three groups involving
the internal vibrations, rotations, and translations of the molecules.The fre-
quencyof the �rst two groupsdepend primarily on the massof the hydrogen
or deuterium nuclei, and the frequenciesof the translations depend on the
massof the whole molecule(Petrenko and Whit worth, 1999). A free H2O
moleculehasjust three normal modesof vibration illustrated in Fig. 12. The
comparatively small motions of the oxygen atoms are required to keep the
centre of massstationary, and thesemotions result in the frequency� 3 being
slightly higher than � 1; thesedepend on the forceconstant for stretching the
covalent O-H bond, while the bending mode � 2 depends on the force con-
stant for changing the bond angle. In the vapour the free moleculeshave a
rich rotation-vibration infrared spectrum (Benedict, Gailar and Plyler, 1956),
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from which the frequenciesof the molecularmodesare deducedto be:

� 1 = 3656.65cm� 1 � 453.4meV,
� 2 = 1594.59cm� 1 � 197.7meV,
� 3 = 3755.79cm� 1 � 465.7meV.

For ice the band around 400meV is thus rati�ed with the O-H bond stretch-
ing modes� 1 and � 3. The frequenciesare thus loweredfrom thoseof the free
moleculesby the hydrogen bonding to the neighbouring molecules,but as
a single moleculecannot vibrate independently, this coupling also leads to
complexmode structures involving many molecules.
We can now discussthe vibrational density of states, VDOS, for H2O ice
basedon the lattice dynamics obtained from the results of our calculation
and compare them to some of the well known spectra of ice such as in-
frared and Rahmanspectra and inelastic neutron scattering data. The total
VDOS calculatedfrom the phonondispersionsfor our ice structure is shown
in Fig. 13. Also shown in Fig. 15 is the corresponding partial VDOS for
both hydrogenand the oxygen atoms in the ice system. We note that these
phonon DOS are not complete since the summation is not done over the
whole Brillouin zone,but only in the [100]direction of the cubic symmetry.
The distribution of the partial DOS is given by

g�;k (! ) =
1

nd� !

X

k ;j

je� (k; k; j )j2 � � ! (! � ! (k; j )) ; (3)

wheree� (k; k; j ) is the � -th Cartesiancomponent of the polarization vector
for the k-th atom; n is the number of samplingpoints and d is the dimension
of the dynamical matrix (Parlinskin, 2002). The total VDOS is calculated
by summing all the partial contributions. Figure 13 shows the total VDOS
together with the full phonon dispersion curves along the [100] direction.
Also shown in Fig. 14 is the enlargement of the intermolecular frequency
rangeon which we superimposethe inelastic neutron-scatteringspectra data
extracted from Ref. (Cote, Morrison, Cui, Jenkins et al., 2003). The com-
parisonis madewith the ice Ih data though our ice structure is not perfectly
hexagonalbut still there is very little di�erence between the neutron data
for ice Ih and ice geometryusedin our calculation in the translational region
as explained below. There are well de�ned separatedpeaks in the whole
range of the vibrations. The illustrativ e discussionin Fig. 12 can be well
understood if we considerthe partial DOS in Fig. 15. The covalently O-H
stretching mode of both phaseand anti-phase, analogousto the frequencies
� 1 and � 3 for isolated free water molecules,can be seenclearly in Fig. 15(b)
in the energy range (350-410meV) or frequency range (3010-3400cm� 1).
We can notice that the collective motion of oxygen is almost static when
comparedto the collective contributions from the hydrogenatoms. Accord-
ing to the Rahman spectra, a strong peak is observed at 382.3meV (3083
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cm� 1 at 95 K) (Bertie and Whalley, 1967; Whalley and Bertie, 1967) for
D2O. If we take into account the massdi�erence between deuterium and
hydrogenatoms (i.e., isotope e�ect), the peakswhich are observed at 2950,
3000(very short), 3250,and 3270cm� 1 are in good range when compared
to the experimentally observed valuesfor � 1 and � 3. In the intra-molecular
bendingregion,analogousto the frequency� 2 for an isolatedwater molecule
(1580-1680cm� 1), there is an interesting feature. Our results show that, of
all the contributions resulting from the collective motion of hydrogenatoms
ascontribution from collective motion of oxygenatoms is recessive, only one
of the components of the collective motions of hydrogen atoms contributes
to the intra-molecular bending modesand it is one that is dominant. Fig-
ure 15(b) givesan exampleof such contribution being dominated mainly by
the y-component of the intra-molecular vibration of the O-H. This means
that intra-molecular bending of the angular motion takes place mostly in
onedirection.
Tanaka has identi�ed hydrogen-bond bending modes with negative expan-
sion coe�cien ts associated with this region (Tanaka, 1998). If we go further
down to the low frequencyregion such as 600-1200cm� 1 called the molecu-
lar librational region and then to (0-400cm� 1) called the molecular transla-
tional region,whereweestimatedthe soundvelocities from the corresponding
phonondispersioncurve, the VDOS peaksof thesemodesof vibration agree
very well with the experimental observation from inelastic neutron scattering
data. The generalagreement of the featuresin the translational optic region
is good with all the three distinct peakspresent at 400, 270 and 105 cm� 1

(Li, 1996).

4.3 The boson peak in ice

The high frequency(0.1-10 THz) or energy(0.4136-41.36meV) excitations
have been experimentally shown to have linear dispersion relations in the
mesoscopicmomentum region (� 1-10 nm� 1). So many amorphousmateri-
als display low temperature anomaliesin their speci�c heats that they are
generally regardedas being universal properties of the glassystate. These
anomaliesareusually of two kinds. The �rst concernsobservation that, while
many crystals obey the Debye law C / T 3 for temperatures lessthan say,
1K, glasseswith the samechemistry frequently display the law C / T at
correspondingly low temperature (Phillips, 1996). This secondobservation
is tied in with the appearanceof the ubiquitous Bosonpeak(BP) in inelastic
neutron and Raman spectra (Buchenau,Zhou, Nucker, Gilroy et al., 1987).
The nameBosonpeak therefore refers to the fact that the temperature de-
pendenceof its intensity scalesroughly with the Bose-Einsteindistribution.
Dove et. al. demonstratedthat the Bosonpeakariseslargely from a 
atten-
ing of the dispersion of the transverseacousticmodes, in a manner similar
to that which occurs in a crystalline material at its Brillouin zonebound-
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ary (Dove, Harris, Hannon, Parker et al., 1997). This idea is not new, being
originally suggestedby (Leadbetter, 1969), and recently developed further
by (Elliott, 1996;Taraskin, 1997;Taraskin and Elliot, 1997). A standard
way of extracting the boson peak (BP) from the vibrational spectrum is
to plot g(E)=E2 (as done in Fig. 16(b)), sincein the Debye approximation
g(E) � E 2 at low energy. In Fig. 16 we show the plot of g(E) and the
corresponding g(E)=E2 in the translational low energyrangefor the ice ge-
ometry in our calculation. According to the Debye law, it is expected that
g(E)=E2 should be constant for the whole range of energy. This constant
relation is only obtained at energieslarger than 40 meV in agreement with
the experimental observation range for the BP as mentioned above. There
is an anomaloussharp peak at 3.5 meV which can be ascribed to the region
of low-energyexcessvibrational excitation of the so-calledBP. The reason
for this peak is unknown since we have a crystalline structure for our ice
geometry. The peak reveals the anomalousbehaviour of hydrogen bonding
in the crystal ice which shows similarity in the behaviour as in the results of
an inelastic neutron scattering study of a crystalline polymorph of SiO2 (� -
quartz), and a number of silicate glasses(pure silica, SiO2) with tetrahedral
coordination (Harris et al., 2000). Also amorphoussolids, most supercool
liquids and the complex systemsshow this anomalouscharacter (Grigera,
Martin, Parisi and Verrocchio, 2003).

5. SUMMAR Y

Our MD simulation, carried out through the analysisof radial distribution
functions of the ice crystal, shows fair agreement in the positionsof peaksin
comparisonwith neutron di�raction data.
The phonon dispersion calculations in [100] direction shows a good result
especially in the acoustic region in comparisonwith experiment. Our optic
modesare degenerateat the �-p oint due to application of the direct method
used in this calculation which does not take into account the e�ect of po-
larization arising from dipole-dipole interactions of water moleculeswhich
is expected to yield a signi�cant e�ect in the splitting of longitudinal and
transverseoptic modesat the �-p oint. We intend to include this polariza-
tion e�ect in our future work through the calculation of e�ective chargeten-
sorsusing the Berry phaseapproach to seeactually if there will be splitting.
Our calculated longitudinal acousticvelocity agreeswell with the longitudi-
nal acousticvelocity from inelastic neutron scattering data. The vibrational
density of statesreproducesall the featuresin covalently O-H stretching re-
gion, intra-molecular bending region, molecular librational region as well as
in the molecular translational region, when comparing our results to some
infrared spectra, Rahman spectra as well as inelastic neutron scattering re-
sults.
The analysisof the vibrational density of statesshows a bosonpeak,a char-
acteristic featurecommonto amorphoussystems,at low energyof the trans-
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lational region. The anomaloussharp peak of g(E)=E2 at 3.5 meV, which
can be ascribed to the region of low-energyexcessvibrational excitation of
the bosonpeak,might be due to the anomalousbehaviour of hydrogenbond-
ing sincewe have a perfect crystal. The origin of this anomalousbehaviour
of this abnormal peak in non-crystalline solids and supercool liquids is still
subject of scienti�c debate.

Acknow ledgments

Weacknowledgethe support by the DeutscheForschungsgemeinschaft (Grad-
uate College\Structur e and Dynamics of Heterogeneous Systems").
We thank Prof. Keith Rossfor allowing us to useone of their phonon dis-
persionsfor comparisonwith our results. Also, we acknowledgeProf. Soper
for providing us the neutron di�raction data of radial distribution functions
of liquid water and ice for �tting our ab-initio simulation results.

Refer ences

Benedict, W. S., N. Gailar and E. K. Plyler (1956). Rotation-vibration spectra of
deuterated water vapour. J. Chem. Phys., 24, 1139.

Bernal, J. D. and R. H. Fowler (1933). A theory of water and ionic solution. J.
Chem. Phys., 1, 515.

Bertie, J. E. and E. Whalley (1967). Optical spectra of orientationally disordered
crystals. I I. infrared spectrum of ice Ih and ice Ic from 360to 50 cm� 1. J. Chem.
Phys., 46, 1264.

Blackman, M. and N. D. Lisgarten (1958). Elect di� of cubic & other struc forms
of ice. Adv. Phys., 7, 189.

Buchenau, U., H. M. Zhou, N. Nucker, K. S. Gilroy et al. (1987). Nature of
vibrational excitations in vitreous silica. Phys. Rev. Lett., 60, 1318.

Cote, A. S., I. Morrison, X. Cui, S. Jenkins et al. (2003). Ab-initio density-
functional lattice-dynamics studies of ice. Can. J. Phys., 81, 115.

Dove, M. T., M. J. Harris, A. C. Hannon, J. M. Parker et al. (1997). Floppy modes
in crystalline and amorphoussilicates. Phys. Rev. Lett., 78, 1070.

Elliott, S. R. (1996). Comment on "phonons in glasses: Numerical simulations
and phenomenologicaltheory". Phys. Rev. Lett., 77, 4105.

Faure, P. P. (1969). �Etude d'un mod�eledynamique du r�eseaucristallin de la glace.
J. Physique(France), 30, 214.

Gammon, P. H., H. Kiefte, M. J. Clouter and W. W. Denner (1983). Elastic
constants of arti�cial and natural ice samples by Brillouin spectroscopy. J.
Glaciology, 29(103), 433.

12



Grigera, T. S., V. Martin, G. Parisi and P. Verrocchio (2003). Phonon interpreta-
tion of the 'bosonpeak' in supercooled liquids. Nature, 422, 289.

Harris, M. J., M. T. Dove and J. M. Parker (2000). Floppy modesand bosonpeak
in crystalline and amorphous silicates: an inelastic neutron scattering study.
Mineralogical Magazine,64, 435.

Klug, D. D. and E. Whalley (1978). Origin of the high-frequency translational
bands of ice I. J. Glaciology, 21, 55.

Kresse,G. and J. Futhm •uller (1996). E�cien t iterativ e schemesfor ab initio total-
energycalculations using a plane-wave basisset. Phys. Rev. B, 54, 11169.

Leadbetter, A. J. (1969). Inelastic cold neutron scattering from di�eren t forms of
silica. J. Chem. Phys., 51, 779.

Lee, C., D. Vanderbilt, K. Laarsonen,R. Car et al. (1993). Ab-initio studies on
the structural and dynamical properties of ice. Phys. Rev. B, 47, 4863.

Li, J. (1996). Inelastic neutron scattering studies of hydrogen bonding in ices. J.
Chem. Phys., 105, 6733.

Marchi, M., J. S. Tse and M. Klein (1986). Lattice vibrations and infrared ab-
sorption on ice Ih. J. Chem. Phys., 85, 2414.

Morrison, I. and S. Jenkins (1999). First-principles lattice dynamics studiesof the
vibrational spectra of ice. Physica B, 263, 442.

Nielsen, G., R. M. Townsendand S. A. Rice (1984). Model basedcalculations of
the lattice mode spectra of ice Ih and amorphoussolid water. J. Chem. Phys.,
81, 5288.

Nielson, G., R. M. Townsend and S. A. Rice (1984). Model basedcalculations of
the lattice mode spectra of ice Ih and amorphoussolid water. J. Chem. Phys.,
81, 5288.

Parlinskin, K. (2002). Phonon. Cracow, Poland, Software, Version 3.11.

Parlinskin, K., Z. Q. Li and Y. Kawazoe (1997). First-principles determination of
the soft mode in cubic ZrO2. Phys. Rev. Lett., 78, 4063.

Pauling, L. (1935). The structure and entropy of ice and of other crystals with
somerandomnessof atomic arrangement. J. Am. Chem. Soc., 57, 2680.

Petrenko, V. F. and R. W. Whit worth (1999). Physics of Ice. Oxford University
Press,Oxford.

Phillips, W. A. (1996). Two-level states in glasses.Rep. Prog. Phys, 50, 1657.

Prask, H. J. and S. F. Trevino (1972). Ice I-lattice dynamics and incoherent
neutron scattering. J. Chem. Phys., 56, 3217.

13



Renker, B. (1973). Physics and Chemistry of Ice. (University of Toronto Press),
p. 82, Toronto.

Renker, B. and P. V. Blanckenhagen(1969). Physics of Ice. Plenum, New York.

Sette, F., G. Ruocco, M. Krisch, C. Masciovecchio et al. (1996). Transition from
normal to fast sound in liquid water. Phys. Rev. Lett., 77, 83.

Soper, A. K. (2000). The radial distribution functions of water and ice from 220
to 673 k and at pressureup to 400 mpa. Chem. Phys. Lett., 258, 121.

Srivastava, G. P. (1990). The Physics of Phonons. Adam Hilder, New York.

Svishchev, I. M. and P. G. Kusalik (1994). Crystallization of liquid water in a
molecular dynamics simulation. Phys. Rev. Lett., 73, 975.

Tanaka, H. (1998). Thermodynamic stabilit y and negative thermal expansionof
hexagonaland cubic ices. J. Chem. Phys., 108, 4887.

Taraskin, S. N. (1997). Phonons in vitreous silica: Dispersion and localization.
Europhys. Lett., 39, 37.

Taraskin, S.N. and S.R. Elliot (1997). Nature of vibrational excitations in vitreous
silica. Phys. Rev. B, 56, 8605.

Tse, J. S., M. L. Klein and I. R. McDonald (1984). Lattice vibrations of ices Ih,
VI I I, and IX. J. Chem. Phys., 81, 6124.

Whalley, E. and J. E. Bertie (1967). Optical spectra of orientationally disordered
crystals. I. theory of translational lattice vibrations. J. Chem. Phys., 46, 1264.

Xantheas,S. S. and H. T. Dunning (1993). Ab initio studiesof cyclic water clusters
(H2O)n , n = 1-6. I. Optimal structures and vibrational spectra. J. Chem. Phys.,
99, 8774.

Zayak, A. T., P. Entel, J. Enkovaara, A. Ayuela et al. (2003). A �rst-principles
investigation of phonon softeningsand lattice instabilities in the shape memory
system Ni2MnGa. Phys. Rev. B, 68, 132402.

14



TABLES

Table 1 Velocities of soundcalculatedfrom the initial slope of the phonon
dispersioncurvesof ice in [100]direction comparedto the exper-
imental result.
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FIGURE CAPTIONS

Fig. 1 The phasediagram of the stable phasesof ice.

Fig. 2 The tetrahedral unit from which the hexagonalice is created.

Fig. 3 Initial and the relaxed geometry of the unit cell of ice. The ice
structure was initially packed in a cubic unit cell with initial lat-
tice constant taken from the literature (Lee, Vanderbilt, Laarso-
nen, Car et al., 1993)to be 6.35�A. There are no hydrogenbonds
in the initial preparedstructure shown on the left but were per-
fectly formed after the relaxation. The relaxedgeometryhas the
valuesof a � b 6= c which implies that the relaxed structure is
tetragonal with c=aratio � 0.988.

Fig. 4 Relaxedcrystalline structure of ice produced from the geometry
in Fig. 2 by replicating in all direction by the calculated lattice
parameters.

Fig. 5 Distribution of H-O-H anglein ice and water (in arbitrary units).
The comparison is done for the ice at 220 K and liquid water
simulated at room temperature (298 K) and at high temperature
in the supercritical regime. The H-O-H anglesof icestructure are
larger comparedto thoseof liquid water.

Fig. 6 Radial distribution functions gOO and gOH at 100 K and 220 K
obtained with VASP. There is a gradual lossof long-rangeorder
at 220K ascan be noticed in its 2nd and 3rd peaksof gOO when
comparedto the results for 100K.

Fig. 7 Radial distribution functions gHH at 100 K and 200 K obtained
with VASP. There is a gradual \loss of peaks" observed for tem-
perature 100K at 2.5, 4.4, 4.8 and 5.4 �A due to the lossof long-
rangeorder as the temperature increases.

Fig. 8 Radial distribution functions gOO and gOH at 220K obtainedwith
VASP compared to neutron di�raction scattering data (NDS)
(Soper, 2000).

Fig. 9 Radial distribution functions gHH obtained with VASP at 220 K
comparedto neutron di�raction scattering data (NDS) (Soper,
2000).

Fig. 10 (I) Brillouin zonefor the cubic symmetry usedin our VASP calcu-
lation of the icesystem. Our phonondispersionsare calculatedin
[100]kx -direction, (I I) The �rst Brillouin zonefor the structure of
ice Ih with origin at the point �. �A = 1

2c� and �M = 1
2a� , where

a� and c� are the vectorsof the reciprocal lattice (Petrenko and

16



Whit worth, 1999). The dispersion curves are commonly drawn
along the lines of symmetry �A, �M, and �K.

Fig. 11 (a) With VASP calculatedphonondispersioncurvesof ice in [100]
direction of the tetragonal unit cell comparedto (b) dispersion
relations in the translational frequencyrangefor the ice structure
plotted along the Cartesian directions from zonecenter to zone
edgein the Brillouin zoneof the orthorhombic eight-moleculeunit
cell (Cote et. al. (Cote, Morrison, Cui, Jenkinset al., 2003))and
(c) the experimental dispersionof D2O ice accordingto Renker's
model (Renker, 1973). The di�erence in scaleof (c) from (a) and
(b) is due to the isotopic e�ect becauseof di�erence in the masses
of hydrogenand Deuterium atoms.

Fig. 12 The three normal modes of an isolated water molecule. Mo-
tion with frequency� 1 can be regardedas symmetric stretch, � 2

as bending and � 3 as anti-symmetric (Petrenko and Whit worth,
1999).

Fig. 13 Total vibrational density of states (VDOS) of ice basedon the
lattice dynamicstogetherwith full phonondispersioncurves. The
VDOS show all the important regionssuch as the intermolecular
translational, librational, bending and the stretching frequency
range.

Fig. 14 Enlargement of calculated total vibrational density of states in
Fig. 13 showing the intermolecular rangeof frequencies.The bro-
ken line is taken from the inelastic neutron scattering data avail-
able through Ref. (Cote, Morrison, Cui, Jenkinset al., 2003).

Fig. 15 Partial density of statesof ice basedon the lattice dynamics. (a)
shows the x, y and z components of VDOS for the oxygen atoms
in the H2O ice. (b) shows the x, y and z VDOS for corresponding
hydrogenatoms for the whole rangeof frequencies.It is interest-
ing to noticethat in the intra molecularbendingregion(1580-1680
cm� 1), only oneof the components of the VDOS of hydrogen(say
y) dominateswhile x and z contribute less.The contribution from
the oxygen atoms can be regardedas being completely recessive
in this region.

Fig. 16 Plot of the VDOS g(E) and the corresponding g(E)=E2 vs. E for
the region of translational mode. The bosonpeak is found in the
low-energyregion at 3.5 meV.
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Table 1: W. A. Adeagbo et. al.

� 103 m=s Experimenta Theory
vLA 4.04 4.86
vTA 1.80 3.02

a (Gammon, Kiefte, Clouter and Denner, 1983)
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Figure 3: W. A. Adeagbo et. al.
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