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Abstract. At small length scales, the fluctuations that are neglected in most continuum descriptions of
fluids become important. In this work, we explore the emergence of the Navier-Stokes equations as the
ensemble mean of these fluctuations, which are inherent in the fundamental molecular processes underlying
a fluid. This is accomplished by examining the initial growth of the Rayleigh-Taylor instability via hundreds
of large-scale molecular dynamics simulations. A comparison of the mean growth rate spectra with the
corresponding continuum predictions yields good agreement over a range of length scales from ∼1 μm to
as small as ∼10 nm. However, individual simulations exhibit significant variations from the continuum
prediction. This work helps pave the way to a more fundamental understanding of fluid dynamics on small
scales, and the mechanisms by which macroscopic, continuum models emerge. Such an understanding is
essential, for example, in the rapidly growing field of nanotechnology.

PACS. 47.20.Ma Interfacial instabilities – 02.70.Ns Molecular dynamics and particle methods

1 Introduction

Continuum models, such as the Navier-Stokes (NS) equa-
tions, have been generally successful in describing vari-
ous aspects of fluid flow. However, the validity of the NS
equations at the macroscopic level is an emergent phe-
nomenon of the molecular dynamics underlying the fluid.
Furthermore, in the microscopic regime corrections to the
NS equations must be made due to fluctuations [1] and,
in the presence of strong gradients, nonlinear transport
effects [2]. For low-gradient systems, the NS equations
emerge as the ensemble mean over the fluctuations in-
herent at small scales [3], although particular instances of
the flow at such scales may exhibit large deviations from
NS-like behavior. In practice, there exists a boundary in
parameter space which delineates the circumstances un-
der which a purely deterministic, continuum fluid model
is valid. In this work we explore this boundary in the
context of the Rayleigh-Taylor instability (RTI) (Fig. 1).
However, our results have a wider, qualitative applicabil-
ity to fluid behavior at the nanoscale, particularly for non-
stationary flows, and to the relationship between micro-
and macroscale models.

The emergence of continuum models from their
atomistic antecedents has been explored before in the lit-
erature [4,5], usually by comparing flows generated by the
NS equations with the results of simulations using atom-
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Fig. 1. Time series of images from a g = 1.3 × 1010gEarth

simulation of the RTI. Red is the heavy fluid; blue is the light
fluid. Dashed line: reference sine curve corresponding to the
predicted wavenumber of maximum instability km.

istic models such as molecular dynamics (MD) [6,7], in
which the classical equations of motion for a large system
of interacting molecules are solved numerically. Remark-
able agreement has been found, even in surprisingly small
MD systems. However, most previous work has concen-
trated on stationary flows, in which the possibility of time-
averaging the solution yields a significant reduction in sys-
tematic noise. While this allows for a simpler comparison
with continuum results, it obscures the fluctuations that
are fundamental to the nature of fluids at small scales. For
this reason we focus on a complex, non-stationary flow,
enabling us to determine the relative magnitude of fluctu-
ations at various scales.
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The RTI [8,9] occurs when a heavy fluid lies on top of
a light fluid in the presence of gravity. This arrangement
is unstable, and the two fluids subsequently combine in
an archetypical example of turbulent fluid mixing. The
details of the well-developed, turbulent stage of the RTI
have been studied extensively via both experiment and
simulation [10]. The majority of the simulations to date
have been performed using traditional continuum codes,
i.e. NS solvers of various types. In principle, however, it is
desirable to investigate complex flows through more fun-
damental atomistic methods, especially at small scales,
and there have been recent efforts to study the RTI using
MD [11] and other atomistic methods [12]. It is our goal
in this work to explore the emergence of the NS equations
in the linearized regime by examining the initial growth
of the fluid interface in the RTI using MD, and comparing
the results with existing continuum linear stability theory.
One major advantage of using MD is the ability to start
with an essentially flat interface, which is perturbed only
by an extremely small roughness on the order of the size
of a molecule. This is generally impossible in continuum
simulations, since a perfectly flat interface without pertur-
bations is an unstable equilibrium which will persist for-
ever in a deterministic simulation using a traditional NS
solver. In order for the interface to become unstable and
exhibit interesting behavior in a reasonable period of time,
an artificial and somewhat arbitrary spectrum of pertur-
bations must be imposed on the interface at t = 0. Recent
continuum simulation results suggest that the subsequent
dynamics of the instability may depend strongly on the
details of this initial spectrum [12]. In experiments, for
various practical reasons relating to experimental design,
a flat interface is achievable only with great difficulty [13].

After outlining the relevant linear stability theory and
describing our simulation and data analysis techniques, we
offer an interpretation of the results.

2 Linear stability analysis

Consider a heavy fluid of density ρh and kinematic viscos-
ity νh on top of a light fluid of density ρ� and kinematic
viscosity ν�. The two fluids are initially separated by a flat,
horizontal interface at z = 0. Here z is the vertical coordi-
nate, whereas x and y are the coordinates parallel to the
initial plane of the interface. To explore the stability of this
arrangement via linear stability analysis, we examine the
behavior of small perturbations in the velocity and den-
sity fields whose dependence on x, y, and time t takes the
form exp(nt + ikxx + ikyy), where (kx, ky) is the wavevec-
tor of the perturbation, and n is the corresponding growth
rate, which in general may be complex. Harrison [14] and
Chandrasekhar [15] have shown that if the system is gov-
erned by the incompressible NS equations,

⎧
⎪⎪⎨

⎪⎪⎩

∂tρ + ∇ · (ρu) = 0

∂tu + (u · ∇)u = −1
ρ
∇p + νΔu + g

∇ · u = 0,

(1)
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Fig. 2. Real and complex branches of n(k) as predicted by lin-
ear stability analysis via the numerical solution of equation (2),
for the set of material properties used in all of our MD simu-
lations and g = 2.7 × 1010gEarth.

then n and k ≡ (
k2

x + k2
y

)1/2 are implicitly related via
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where q�,h ≡ √
k2 + n/ν�,h, ν̄ ≡ (ρ�ν� − ρhνh)/(ρ� + ρh),

ρh(ρ�) is the mass density of the heavy (light) fluid, A ≡
(ρh − ρ�)/(ρh + ρ�) is the Atwood number, g = |g| is the
acceleration due to gravity, and γ is the interfacial tension.

Given values for the material properties ρh, ρ�, νh, ν�,
and γ, as well as the gravity g, equation (2) can be solved
numerically to yield n as a function of k. In general, there
may be more than one branch of complex solutions. As
an example, the results of such a numerical solution are
shown in Figure 2. This solution corresponds to the set of
material properties used in all of our MD simulations (see
below), as well as to the highest gravity we used in this
work (g = 2.7 × 1010gEarth, where gEarth is the Earth’s
acceleration due to gravity). Depending on the value of
k, there may be one real solution with n(k) > 0, two
real solutions with n(k) < 0, or two complex-conjugate
solutions with Re

(
n(k)

)
< 0. In either experiment or in

any type of RTI simulation, we expect the growth rate of
the interface at every value of k to be dominated by the
branch of n(k) with the largest real part.

The results shown in Figure 2 are qualitatively rep-
resentative of any of the gravities we considered, in that
the overall shape of the n(k) curves is the same for any
of our g values, though the precise numerical details may
vary. Note the existence of a wavenumber of maximum
instability (i.e. with maximal n), and a cutoff wavenum-
ber, above which modes are damped (i.e. Re

(
n(k)

)
< 0).
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These special values of k will be denoted by km and kc,
respectively. By considering the energetic interplay be-
tween interfacial tension and gravity, it can be shown that
kc = [g(ρh − ρ�)/γ]1/2 [15]. We are aware of no similar an-
alytical expression for km. In general, the magnitude of the
growth rate is a decreasing function of interfacial tension
and viscosity.

3 Simulations

Previous work on the initial growth of the RTI [11] treated
the problem only in passing, did not include any discussion
of the emergence of continuum models, and included a far
smaller number of simulations, which focused on single-
mode imposed perturbations for one value of g. Here, in
order to generate growth rate data for comparison with
the continuum prediction, we have performed hundreds of
large-scale MD simulations at several values of g. These
simulations contained heavy and light particles, initially
separated by a flat interface which subsequently rough-
ened due to thermal fluctuations [16]. In the linear-growth
regime, each mode evolved independently and each simu-
lation simultaneously provided information about all the
modes of interest.

Our heavy-heavy and light-light interaction potentials
were based on a splined version of the Lennard-Jones
potential

u(r) = ε

[(r0

r

)12

− 2
(r0

r

)6
]

. (3)

To ensure immiscibility between the two fluids, only the
repulsive part of the Lennard-Jones potential was used as
the heavy-light interaction potential. For further details
on the nature of the splined potentials used, see [11].

Our MD simulations were performed using a dimen-
sionless system of units in which all quantities were ex-
pressed in terms of various combinations of r0, ε, m�

(the mass of the light species), and kb (Boltzmann’s con-
stant). To approximately convert the simulation results
into real units, we have used the values of r0, ε, and m�

corresponding to methanol: r0 = 4.02 × 10−10 m, m� =
5.31×10−26 kg, and ε = 7.00×10−21 J [17]. Note that this
is not meant to imply that our fluid acurately represents
methanol, for which the Lennard-Jones potential is far too
simplistic a model. In these units, the initial temperature
and number density at the interface were T = 1.3 ε/kb =
660 K and n0 = 0.765/r0

3 = 1.2 × 1028 m−3, respec-
tively. The heavy species mass was 7m� = 37.2×10−26 kg,
so that the Atwood number A = 0.75. The kinematic
viscosities ν� = 1.25

√
εr0

2/m� = 1.8 × 10−7 m2/s and
νh = 0.47

√
εr0

2/m� = 0.69 × 10−7 m2/s, as well as the
interfacial tension γ = 0.359 ε/r0

2 = 1.6 × 10−2 J/m2,
were calculated in separate equilibrium simulations [11].
At such small length scales, the acceleration due to gravity
must be very high in order for the instability to develop in
a reasonable amount of time. The three gravities consid-
ered were therefore g = 0.0008 ε/m�r0 = 2.7×1010gEarth,

0.0004 ε/m�r0 = 1.3 × 1010gEarth, and 0.0001 ε/m�r0 =
0.3 × 1010gEarth.

In order for any fluid system to display a classical in-
stability, the initial state at t = 0 must be an unstable
equilibrium. For an incompressible fluid in the Rayleigh-
Taylor configuration, this consists of a uniform velocity
field u = 0 and a uniform temperature T throughout the
domain, as well as an initially piecewise-constant mass
density profile in the vertical direction:

ρ(z) =

{
ρh z > 0

ρ� z < 0.
(4)

However, compressibility can never be entirely eliminated
in an MD simulation, and the mass density profile ρ(z)
must be precompressed somewhat in order to achieve hy-
drostatic equilibrium and to avoid spurious oscillations of
the interface. This was accomplished by using an initial
number density profile n(z) that satisfied

dn

dz

∂

∂n
p(n, T ) =

{
−g ρh n z > 0

−g ρ� n z < 0.
(5)

Here p(n, T ) is the equation of state associated with the
Lennard-Jones potential (Eq. (3)), which was calculated
numerically in a separate equilibrium MD simulation [11].
Solving equation (5) numerically subject to the initial con-
dition n(0) = n0 yielded a slowly-varying number density
profile that differed from the interface value of n0 by less
than 2 percent at the top and bottom of the domain. This
number density profile was then used to generate suitable
initial positions for all of the particles in the system. Par-
ticles were placed on a randomized cubic lattice, where
the average lattice spacing in the vertical direction was
increased with increasing height, in accord with the de-
sired profile n(z). Initial velocities for each particle were
selected from the appropriate Boltzmann distribution at
the given temperature T .

Each simulation contained about 2 000 000 particles
each of the heavy and light species. The timestep was
Δt = 0.01

√
m�ro

2/ε = 11 fs. The total simulation times
varied somewhat, but were generally of the order ∼3 ×
105 Δt ∼ 3 ns. We used the Verlet integration method
in the NVE ensemble. Although no thermostat was em-
ployed, the maximum temperature variation anywhere in
the domain in any of the simulations was less than 5 per-
cent. All simulations had domain dimensions of approxi-
mately 5r0×2800r0×386r0 = 2.0 nm×1.1 μm×0.16 μm.
There were two reasons for this “quasi-2D” (or “thin
slab”) geometry. First, performing a sufficient number of
fully 3D simulations would have required prohibitively
large computational effort. Recall also that in a truly 2D
molecular system all transport coefficients, such as the vis-
cosity or diffusivity, diverge. In a quasi-2D geometry, these
quantities are all finite, and the result is comparable to a
2D continuum simulation.

At such small scales, the evolution of the fields that
characterize the fluid (velocity, mass density, etc.) displays
large fluctuations, which result from both the random
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initial configuration of particles and their subsequent
Brownian motion. It is therefore the ensemble-mean
behavior of the linear growth rates that interests us. In
order to obtain an acceptable mean, many simulations
were performed for each of the three g values consid-
ered: 107, 116, and 13 runs for the high, medium, and
low gravities, respectively. (The small number of runs in
the low-gravity case is due to the much slower develop-
ment of the interface.) All simulations were performed us-
ing the Scalable Parallel Short-range Molecular dynamics
code (SPaSM) [18,19]. The Los Alamos National Labora-
tory high-performance computing clusters used were Coy-
ote (2580 × AMD Opteron @ 2.6 GHz) and Flash (1906
× AMD Opteron @ 2.0/2.4 GHz). Each simulation took
12–24 h and used anywhere from 64 to 640 processors.

A time series of images from one of the g = 1.3 ×
1010gEarth simulations is shown in Figure 1. Note that
the shape of the interface is quickly dominated by modes
near k = km.

4 Data analysis

We determined the shape of the interface in our simula-
tions at regular time intervals by dividing the domain into
a number of vertical “columns”. We estimated the inter-
face position in each column as the value of z at which
the number fraction of heavy particles passed 0.5. Due to
the quasi-2D geometry, our interface was effectively one-
dimensional, and could be characterized via the relation

z(y, t) =
∑

k

[
ak(t) sin(ky) + bk(t) cos(ky)

]
, (6)

where y is the coordinate in the wider of the two hori-
zontal directions. Since our simulations did not proceed
long enough to leave the linear growth regime, the coef-
ficients ak(t) and bk(t) evolved independently for each k,
and could be determined at regular time intervals by per-
forming a Fourier tranform of the interface.

The Fourier coefficients ak(t) and bk(t) are predicted
by classical linear stability theory to evolve according to

⎧
⎪⎪⎨

⎪⎪⎩

d

dt
ak(t) = n(k)ak(t)

d

dt
bk(t) = n(k)bk(t),

(7)

so that {
ak(t) = ak(0)en(k)t

bk(t) = bk(0)en(k)t.
(8)

However, there are a number of problems with the ap-
plication of equations (7) and (8) to a fluctuation-laden
molecular system with an essentially flat initial interface.
For such a system we have ak(0) = bk(0) = 0 for all k.
Equation (8) then implies that the interface will remain
flat for all time. That this is not the case stems from the
influence of fluctuations, which drive the amplitudes of all
interfacial modes away from their initial value of zero.

In this context, it is better to use a model for the evo-
lution of the ak(t) and bk(t) which takes into account both
the fluctuations and hydrodynamically-driven exponential
growth. The simplest such modification of equation (7)
that can be constructed is the set of stochastic differential
equations (SDEs)

⎧
⎪⎪⎨

⎪⎪⎩

d

dt
ak(t) = n(k)ak(t) + c(k)W1(k, t) ak(0) = 0

d

dt
bk(t) = n(k)bk(t) + c(k)W2(k, t) bk(0) = 0.

(9)

Here c(k) is the noise amplitude and the Wi(k, t) are a
family of standard white noise process which satisfy

〈Wi(k, t)〉 = 0 (10)

and 〈
Wi(k, t)Wj(k′, t′)

〉
= δijδkk′δ(t − t′). (11)

The angled brackets 〈...〉 represent an average over the
ensemble of microscopic randomness.

The solution to equation (9) is
⎧
⎨

⎩

ak(t) = c(k)
∫ t

0
ds en(k)(t−s)W1(k, s)

bk(t) = c(k)
∫ t

0
ds en(k)(t−s)W2(k, s).

(12)

Given equations (10)–(12), it is straightforward to show
that the root mean square amplitude

Ak(t) ≡ 〈
a2

k(t) + b2
k(t)

〉1/2
(13)

is predicted to satisfy

Ak(t) =
[
c2(k)
n(k)

(
e2n(k) t − 1

)]1/2

. (14)

This captures the expected behavior of the system at both
small and large times. For small t,

Ak(t) → |c(k)| (2t)1/2
. (15)

This t1/2 power-dependence reflects the fact that the in-
terface is initially dominated by uncorrelated, fluctuation-
driven diffusion. For large t,

Ak(t) →

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

|c(k)|
n(k)1/2

en(k)t n(k) > 0

|c(k)|
|n(k)|1/2

n(k) < 0.

(16)

We analyzed our data by fitting the square amplitude
a2

k(t) + b2
k(t) for each k value in each simulation to the

expression for A2
k(t) derived from equation (14), with n(k)

and c(k) as the fitting parameters. The resulting collection
of n(k) values allowed us to estimate several quantities.
The mean growth rate n(k) at each value of k and g was es-
timated as the mean of all of the fitted n(k) values from all
of the runs at that gravity. The standard deviation Δn(k)
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well as the mean fit to equation (14), for g = 2.7 × 1010gEarth

and k ∼ km.
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Fig. 4. Mean growth rate data for each gravity, along with
the corresponding predictions from continuum linear stability
theory. Error bars indicating the uncertainty δn in our estimate
of n(k) near km and kc are shown for the highest gravity.

of the fitted growth rate values at wavenumber k is of
interest for two reasons. First, the statistical uncertainty
in our estimate for n(k) is given by δn(k) = Δn(k)/N1/2

r ,
where Nr is the number of runs at the corresponding value
of g. More importantly, Δn(k) provides a measure of the
true physical spread in the growth rate at these small
length scales.

5 Results

There was a great deal of variability in the amplitude ver-
sus time curves even for k near kc, where we would ex-
pect the hydrodynamically-motivated exponential growth
to dominate (Fig. 3). This variability is a result of the
fact that at these small scales, the growth rate fluctuates a
great deal. The magnitude of these fluctuations should be-
come vanishingly small as one approaches the macroscale.
It is therefore the mean value of n to which the contin-
uum prediction must be compared. Such a comparison for
each of the three gravities considered is shown in Figure 4.
For reference, note that the length scales corresponding to
km and kc in the medium gravity case are ∼190 and ∼80
interatomic spacings, respectively.
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0.3 x 1010 gEarth
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Fig. 5. Inherent physical variability Δn(k) in the
growth rate. Inset: the corresponding uncertainty δn(k) =

Δn(k)/(# of runs)1/2 in our estimate of the mean growth rate
n(k).

Several points can be made about these results. First
of all, despite the fluctuations present in the system, the
quantitative agreement is quite good, confirming even the
existence of a cutoff wavenumber. However, there is a gen-
eral tendency for the MD data to lie slightly above the
theoretical curve at high k, which may be due to several
influences. In our data analysis, we have assumed that n
is real. In reality, n may have a nonzero imaginary part
(Fig. 2). The associated oscillations, though perhaps not
discernable in any one run, may systematically increase
the apparent mean growth rate over a short data set. Also
neglected is the fact that surface tension and viscosity are
k-dependent at small scales. However, such effects are only
important at the scale of several molecular diameters [2],
and should have little effect at the values of k we are con-
sidering. The effects of compressibility – present in MD,
but neglected in the linear stability analysis – cannot be
the cause of this discrepancy, as it has been shown in [20]
that compressibility can only reduce the growth rate. Fur-
thermore, the maximum Mach numbers attained in these
simulations were only ∼0.02 and ∼0.007 within the heavy
and light fluids, respectively, suggesting that compress-
ibility has a marginal effect, if any. (Mach numbers were
estimated as the ratio of the rate of progress of the inter-
face divided by the theoretical sound speeds in the two
fluids based on the appropriate equation of state.)

The physical variation Δn(k) of the growth rate is
shown in Figure 5, and the uncertainty δn(k) in our esti-
mate of n(k) is given in the inset. As can be seen in the
figure, Δn(k) is an increasing function of k. (The appar-
ent jump in Δn(k) at the lowest values of k is a boundary
effect due to the periodicity of our system, and can be
ignored.) In particular, for 0.03 nm−1 < k < 0.2 nm−1,
we see that the Δn(k) results for all three gravities col-
lapse approximately onto a single increasing curve. This
is to be expected, since Δn(k) results from the influence
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Fig. 6. Time series of the interface energy spectrum for g =
1.3 × 1010gEarth. km and kc are labelled for reference.

of microscale fluctuations, and therefore should not be ex-
pected to depend on gravity. At higher values of k, Δn(k)
becomes difficult to estimate accurately due to the mag-
nitude of the fluctuations present.

The fact that Δn(k) is an increasing function is in
agreement with our expectation that Δn(k) → 0 as we
approach the macroscopic limit of small k. In other words,
the single-run growth rates should converge to those pre-
dicted by continuum theory as the size of the system be-
comes large and the value of g becomes small.

Finally, it is instructive to examine the time evolution
of the energy spectrum of the interface. A representative
example is shown in Figure 6. The development of the in-
terface is initially dominated by thermal fluctuations, as
indicated by the approximately constant (i.e. white noise)
early-time spectrum. At later times, the logarithms of the
energy spectra are roughly evenly-spaced at evenly-spaced
intervals of time, as expected for exponential growth. Fur-
thermore, the peak of the later-time spectra clearly resides
in the vicinity of the theoretical maximum km.

6 Conclusion

The results of this work provide further evidence that rel-
atively small MD simulations are capable of successfully
reproducing fluid flows as predicted by continuum models.
The expected fluid behavior emerges as the ensemble mean
of the microscopic flow, although individual instances of
the flow may exhibit substantial deviations from NS-like
behavior. The implication is that MD can describe fluids
at all accessible length scales, including those at which de-
terministic, continuum models break down. Furthermore,
this is the first work of which we are aware in which the

convergence of the mean of microscale fluctuations to the
corresponding macroscopic, continuum limit has been in-
vestigated quantitatively (see Fig. 5).

As computational capacity continues to expand, MD
and other atomistic methods will be increasingly able to
accurately simulate complex flows at larger and larger
scales. Works such this one are essential to the understand-
ing of flow at small scales, and underscore the connec-
tion between micro- and macroscale models. The results
of even small MD simulations may also have relevance to
larger scales, as even a well-designed experiment will not
be entirely free of external fluctuations.
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